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Review of General equation of nonlinear
optics

→

Model Fort

Epn
a

.

Assume we know E' Cz -

- o ) = E'
in ;

my
calculate ELZ -

- L ) = E'
out .

first ,
in

general ,
the

input light could have multiple

fegteney components
.

E' Cz -

- o ) =

JI Ef Ej cz=o , e-
'

'

wit -' it
8- Z

t c. c
.

Notice : Ej is not
always

real
.

In
general ,

it is a
complex

quantity
when more than one

frequency components
exist

.

When
you

can
express

all Ej in real
quantity ,

we

say
it 's mode - locked

.

Will talk about this later
.

Recall our nonlinear
equation of Maxwell

agnation
:

a E - t.IE -

- a :#

P -

. pin + pii -

- axe
'

tpi

⇒ TE
- E. =uYI¥ i

Er -

- n
'



The left - hand side is
" linear "

.

There's no
"

interaction
"

between different fnegaeng components
.

Because differential and sum commutes
.

You can change
their order

.

( FIt aj
= Egg

.

. )

So on the
left - hand side

,
we have :

zg ( p E'

je-iwjttikjt-qr.no#Ije-iwjttikiIc.f--

LHS
.

Previously ,
he hare

already
shown that :

Ej Ejcz) e-
 iwjttilgz

=

ejzz.fzy.cz
, e-

 iwjttikjt
y

= I
'

{ 2jE#4 + zikjzzzg.cz) - Ig
?

Ejcz ) ) e-
 ihgttikjz

.

Slow
varying amplitude approximation

:

o÷EjH cc zikj Zz Ej HI
.

LHS : Tj ej ( zikjzzzjczt-kfzjlztterwtg.cz/e-iwJttIf.c
.



Use the fact that Kj
 =

kanji
= njwj

- Kj
'

t

Ercwzj
=

-

ring + njYI -

- o .

-

LHS :
 = zjg .

zikjztg-jz.cz#e-iwjttikfZec.c .

\
-

- a '÷t.

\
And PII=eE"" EE -is?'

E'EE 't
.

. . .

-

This is the
equation you

would use for the rest of the class
.



I
. Second Harmonic

generation

¥#⇒For second harmonic
generation ,

we have :

÷
. :*.

. .

.

We will later calculate X
" !

From previous chapter ,
we know we can

expand
E

'
into

E) = Eieiwttik 't

+ Eieiwttikt

+
c. c .

Question we want to answer :

If the
input power

is Po ,
what is

.

the output
second - harmonic

power
? L Assume we know all

parameters
!

Left - hand side of the
general nonlinear gratin is clear:

LHS :

Erik
.

TEGEL

e-iwttikae-pzik.iq#e-ziwttik

"

+ c. e
.

Right - hand side :
=

'

roofie = ma
" ÷.

E'E
'



For now
, for simplicity ,

we assume EP -

- EP C not true in most cases )

We can simplify It E E
'

to X " ⇐YE

E
'

= ( E ,
t Ent ET't EE ) ( Eit Ert Fit I

In nonlinear calculation ,
must include c. c .

all the time
.

why
? Cata)

'

= a tax
'

t2aa* t a tee
.

= ( Fit Eitzzitrt c. c . )
-12ft, I

'

THEY
'

t IEEEHETE a

Notice Hit
'

is not time dependent ( doesn't have e-
 '

'

wt

)
so vanish after tapas

RHS :  = Eoµz¥( ET e-www.kttfie-4iw#2ik4zz,zue-i3wttickitkuz+2EiEF

etiwttilk
. KH

+ c. c
. )

We will use this
equation

later .

RHS : = -

quo w
'

( 4Eie→iwt"
ik 't

+16ft

e-4iwttzik.tt/gz,ze-3iwtticketkyz+2EitFetiwttilki-khZ
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. )

Usually in second - harmonic
generation ,

we can assume :

Ei Ct ) a Erez )
.

: in low - conversion
efficiency regime



A cheek to see if this
efuatim

make sense :

When left - hand side refuels right
- hand side

,
we have

:

2ikizjtzsczte-iwttt.KZ =
-

zgqx.GE#Eze-iwtiickr-kiH2ikz2EgfIe-2iwtt2ik
"

= - 4gµwz ya ,
Eieiw # 2 '

'

KZ

How to check reflations
?

Energy conservation : we are
converting energy from E

,
to Er

As we know p -

- zlnceoA.IE I

'

.

So :

ddpzi =  
- doff such that : ¥42 -1121=0 .

Let 's work on the
simplest case : R

,
= Rr ( refraction index is the

same
, normally

this is not true )

then Kr = 2K , (
wavelength ) ; let Ki ko =

Hwy

So : 5k¥
=

i

www.XM-EFEr
ZZ Ko

5tg =

i amu Ei
ko



5k¥. ig EYE . a )

ZEIT = ig
Ei a )

Construct
Zz IET

f Ei .

equi t Ei . ef.at }

= Etsy + Eirtziy = If ttiti ) = ZIZI
'

= ig EYE .

-

ig Ei

Same
way

to construct faith
'

EF . ef.cz ) t Ez -

ef.at

= faith
'

=

IGEIEE
-

igEF
? 't

.

:
. Zz Itil

'

=

ig
#

'

Er -

igEiEE=
- fatty

'

.

Conserve
energy

.

( possible problem
in final exam : show

energy
conservation when mtm )



Usually in second - harmonic
generation ,

we can assume :

Ei Ct ) a Edt )
.

: in low - conversion
efficiency regime

So
drop

all Erez ) term .

RHS :  =  - 4µg

WEE
,

'

et
'

wt - " ik 't
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.

LHS :
 

= zik.rs#tzse-iwttikR+zila5tyfzse-2iwttikit+c.c .

what this means ?

TELCEL = o .

Non -

depletion regime
. ; Eiczs -

- E
,

co )

possibleinfinalexami.si/uedepktimregim-
In non -

depletion regime
, we have :

Zika
5tg¥ e-

Ziwttikz
=  

ftp.gwzzie-ziwttzikiz

⇒ 5tg# =

zimq÷¥icz=o
) e

" " " " "

; fed.dz = Eat

Solution : Erez ) =

2iuoeoq.fi#Xfo-eil2ki-k4Zdz--2iuoeoy.EicgxHe

"k
ink ,  

- ku )

= 2ho8WEi

Mei
Ha - Kil

- , )
Kraki - ku )

This is a sine function .



first of all
, Erez ) is

periodic
with L

.

The
periodic

is ( 2K - Ky L = 22
.

So
longer waveguide

doesn't mean
higher output

.

Second :

apparently , if 2K
,

- la is
infinitely small

,

there's an infertile long L to allow

Ez → is
.

So it's
possible

to make the conversion from w → 2W

very efficient .

Let'ssee what we need to do :

first , simplify the result Ky using Kj  

=

njwcj ;
and doer #

Ez CZ ) = 2W
'

X
" ) Ei ( e

" " '  
- HI

, )

T2 #they (Miwa - 2Mt )
XYZ ,

'

( eikk
- kill

, ,= -2( Ni - th ) . Mr
.

Check dimension : p .

- EXE t so E
'

:
.

'

X' "
E

'

~ XE  n 't
.

Dimension is correct .



Ez CHIE
,

XrEicz ( e
" " '  

- k "
- , )

.

2ns . ON

Apparently ,
small on is always good .

This is called phase -

matching
condition

.

On -

- o
,

or ok -

- 2K
,

- Kr = O

It
corresponds

to momentum conservation of photon : Ak
.

zhtk , take
my

→
my

We
go

one
step further .

Assume onto ,

but we have

Max
I

e
" " '  

- k ' "
- I I

= 2
; Ha- la ) L -

- ENTD2 .

Tell ) = WE
,

'

-

Nz . on

But we usually
measure

power instead of E
.

P =
 Iz neo c. A IET ; A is mode area

.

Cross - section of light beam
.

Pr =  'zn£cAEM
ni . on

'



P.
=  's ng c. A . Xi . IEM

'

Ey

P ,
=

 imac A ' IE it

:
. TEH = Lpi

nieto
'

A
'

⇒

pz=÷acA.4Pi
b. on nieicyt

'

= 2X :p ,

'

-

Nanton ECA
.

So to increase
output

: I
.

reduce on Cphase -

matching
condition

2
. pick large Xr material

.

3
. Pro pi ; so increase

input by
2 will E

ought by 4
.

4
.

Reduce mode area : A of free space
> A of fiber

free -

space
: often mm : to

- o
ma

' A of waveguide

fiber : login : to
- to

m
'

waveguide
: 1µm

'

: to
- "

m
'

.

Huge difference .


